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$H_{k}[u]=S_{k}(\kappa_{1}, \ldots, \kappa_{n})=f(u)g(|Du|)$ in $\Omega$ , (1.1)
$u(x)arrow\infty$ as dist $(x, \partial\Omega)arrow 0$ (1.2)
, $\partial\Omega$ . ,
$\Omega\subset \mathbb{R}^{n}(n\geq 2)$ , $u\in C^{2}(\Omega)$ $\kappa=(\kappa_{1}, \ldots, \kappa_{n})$ $u$
, $n\cross n$
$C=D(_{1+|Du|^{2}}=^{Du})= \frac{1}{\sqrt{1+|Du|^{2}}}(I-\frac{Du\otimes Du}{1+|Du|^{2}})D^{2}u$ (1.3)
, $S_{k}(k=1, \ldots, n)$ $k$ ,
$S_{k}( \kappa)=\sum_{1\leq i_{1}<\cdots<i_{k}\leq n}\kappa_{i_{1}}$
. . . $\kappa$: $(1.4\rangle$
.
, $k=1,2,$ $n$ , $H_{k}[u]$ $u$ , , Gauss
. $k$- ,
,
. , (11) $k=1$ ,
$2\leq k\leq n$ ,
( k=n Monge-Amp\‘ere
). $2\leq k\leq n-1$ , k-
Dirichlet ( [6, 13, 28]).
, (1.2) , (1.2) .
([15, 23, 25]).
, $\Delta u=e^{u}$ Bieberbach
1 – , (No. 16740077) .
1498 2006 99-112 99
[4] Rademacher [25] . ,
( [16,24] [3,8,19,20,21,23]),
(11) $k=1$ [2, 9, 11] . ,
Monge-Amp\‘ere Hessian
([7, 12, 22, 26]) , .
2 , $2\leq k\leq n-1$ , $(1.1)-(1.2)$
, ,
, 3 \sim 5 . k=n




$k$ $S_{k}$ admissible set $\Gamma_{k}(\mathbb{R}^{n})$
$\Gamma_{k}(\mathbb{R}^{n})=\{\kappa\in \mathbb{R}^{n}|S_{j}(\kappa)>0, j=1, \ldots, k\}$ (2.1)
. ,
$\Gamma_{1}(\mathbb{R}^{n})\supset\Gamma_{2}(\mathbb{R}^{n})\supset\cdots\supset\Gamma_{n}(\mathbb{R}^{n})=\{\kappa\in \mathbb{R}^{n}|\kappa_{i}>0, i=1, \ldots, n\}$, (2.2)
$\overline{\Gamma_{k}(\mathbb{R}^{n})}=\{\kappa\in \mathbb{R}^{n}|S_{k}(\kappa+\eta)\geq S_{k}(\kappa), \forall_{\eta_{i}}\geq 0, i=1, \ldots, n\}$ (2.3)
((2.3) [5] ) .
$\Omega\subset \mathbb{R}^{n}$ , $u\in C^{2}(\Omega)$ $k$-admissible ,
$x\in\Omega$ $\kappa=(\kappa_{1}, \ldots, \kappa_{n})\in\overline{\Gamma_{k}(\mathbb{R}^{n})}$ . (2.2) , $C^{2}$
$n$-admissible , $k\geq 2$
k- (11) $C^{2}(\Omega)$ .
, .
Proposition 2.1. ([6]) $H_{k}$ k-admissible .
$\Omega$ $C^{2}$ ( $\partial\Omega$ $C^{2}$ ), $k=1,$ $\ldots,$ $n-1$
, $\Omega$ k-convex (resp. uniformly k-convex) , $x\in\partial\Omega$
, $\kappa^{j}=(\kappa_{1}’, \ldots, \kappa_{n-1}’)\in\overline{\Gamma_{k}(\mathbb{R}^{n-1})}$ (resp. $\Gamma_{k}(\mathbb{R}^{n-1})$ ) .
$\kappa’=(\kappa_{1}’, \ldots, \kappa_{n-1}’)$ $x$ $\partial\Omega$ . (2.3) , $C^{2}$
, $(n-1)$-convex (resp. uniformly $(n-1)- \mathrm{c}\mathrm{o}\mathrm{n}\mathrm{v}\mathrm{e}\mathrm{x}$) (resp.
) . , $\mathrm{k}$-admissible
$(k-1)$-convex .
, . , $f,$ $g$ .
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$\bullet$ $t_{0}\in[-\infty, \infty)$ , $f$ $C^{\infty}(t_{0}, \infty)$ $f’(t)\geq 0$
$(^{\forall}t\in(t_{0}, \infty))$ .
$\bullet$ $t_{0}>-\infty$ $\lim_{tarrow t_{0}+0}f(t)=0$ . $t_{0}=-\infty$ $\mathrm{f}\ovalbox{\tt\small REJECT}$. $\int_{-\infty}^{t}f(s)ds<\infty(^{\forall}t\in \mathbb{R})$ .
$\bullet$ $g\in C^{\infty}[0, \infty)$ $g$ .
k- .
Theorem 2.2. $2\leq k\leq n-1$ , $\Omega,$ $f,$ $g$ .
(A1) $\Omega$ uniformly k-convex C\infty .
(A2) $T>0$ , $g$ $[T, \infty)$ , $\lim_{tarrow\infty}g(t)=0$ .
(A3) $\tilde{g}(t)=\frac{g(t)}{t},$ $F(t)= \int_{t_{0}}^{t}f(s)ds$ $<$ , $\int^{\infty}\frac{dt}{\tilde{g}^{-1}(\frac{1}{F(t)})}<\infty$ .
(A4) $H(t)= \int_{0}^{t}\frac{s^{k}}{g(s)(1+s^{2})^{(k+2)/2}}ds$ , $\lim_{tarrow\infty}H(t)=\infty$ .
(A5) $\varphi(t)=g(t)(1+t^{2})^{k}\tau$ , $\varphi(t)$ $[0, \infty)$ .
(A6) $\lim_{tarrow}\sup_{\infty}g’(t)t^{2}<\infty$ .
, $(1.1)-(1.2)$ $u$ .
$2\leq k\leq n-1$ , $k=1$ Greco [11]
. $k=n$ 6 .
.
Theorem 2.3. $2\leq k\leq n-1$ . $\overline{g},\overline{h}$
$\overline{g}(t)=\max_{\ell\geq t}g(s)$ , $\overline{h}(t)=\frac{t}{\sqrt{1+i^{2}}}(\frac{(\begin{array}{l}n-1k\end{array})}{\overline{g}(t)})^{1/k}$ . (2.4)
, $\lim_{tarrow\infty}g(t)=0$ . ,
$\int^{\infty}\frac{dt}{\overline{h}^{-1}(f(t)^{1/k}R)}=\infty$ , (2.5)
$R\geq$ inf $\sup|x-y|$ , $(1.1)-(1.2)$ .
$x\in\Omega_{y\in\Omega}$
Example 2.1. $2\leq k\leq n-1,$ $p,$ $q>0k\mathrm{L},,$ $\Omega \text{ }$ uniformly $.k$-convex $tpC^{\infty}\text{ }$
. 3 .
$H_{k}[u]= \frac{u^{\mathrm{p}}}{(1+|Du|^{2})^{q/2}}$ in $\Omega$ , (2.6)
$H_{k}[u]= \frac{e^{p\mathrm{u}}}{(1+|Du|^{2})^{q/2}}$ in $\Omega$ , (2.7)
$H_{k}[u]= \frac{e^{p\mathrm{u}}}{e^{q|Du|}}$ in $\Omega$ . (2.8)
101
, (2.6) $p>q$ $1\leq q\leq k-1$ , (2.7)
$1\leq q\leq k-1$ . , (2.8) $p,$ $q>0$
.
, $(1.1)-(1.2)$ $\partial\Omega$ .
Theorem 2.4. $1\leq k\leq n-1$ Theorem 2.2 (A1), (A2), (A3)
.
(B1) $t_{0}=-\infty$ $t_{0}>-\infty$ $f^{1/k}$ to Lipschitz .
(B2) $T’>0$ , $f$ $[T’, \infty)$ .
(B3) $h(t)= \frac{t}{g(t)^{1/k\sqrt{1+t^{2}}}}$ . , $\alpha>0$ $\frac{h(t)}{t^{\alpha}}$
$(0, \infty)$ .
(B4) $\lim_{tarrow\infty}\frac{g(t)}{(1+t^{2})g’(t)}=0$ .
, $C_{1}$ , $C_{2}$ , $(1.1)-(1.2)$ .
$\psi^{-1}(C_{1}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega))-O(1)\leq u(x)\leq\psi^{-1}(C_{2}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega))+0(1)$ . (2.9)
, $\psi(t)=\int_{t}^{\infty}\frac{ds}{h^{-1}(f(s)^{1/k})}$ .
Remark 2.1. , [27] $\Omega$
( (A1) ) , ,
(A1) .
ExamPle 2.2. $1\leq k\leq n-1,$ $p,$ $q>0\text{ }\mathrm{L},,$ $\Omega \text{ }$ unifornly $k$-convex $tpC^{\infty}\text{ }$
. $p\geq k$ $P>q$ , (2.6)
$C_{1}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x,\partial\Omega)^{-g}\overline{\mathrm{p}}-\overline{\mathrm{q}}\leq u(x)\leq C_{2}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega)^{-_{\overline{p}}\underline{s}_{\overline{q}}}$ near $\partial\Omega$ (2.10)
( $C_{1},$ $C_{2}>0$ ). , $q>0$ , (2.7)
$u(x)=- \frac{q}{p}\log \mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega)+O(1)$ near $\partial\Omega$ , (2.11)
.
3 Theorem 2.2
Theorem 2.2 2 .
Step 1. n>t $n$ , Dirichlet
$\{$
$H_{k}[u_{n}]=f(u_{n})g(|Du_{n}|)$ in $\Omega$ ,
$v_{m}\equiv n$ on $\partial\Omega$ ,
(3.1)
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$n>t_{\mathit{0}}$ $n$ . ($u$ $\sigma\in[0,1]$ )
$M>0$ ,
$\{$
$H_{k}[u]=\sigma f(u)g(|Du|)+(1-\sigma)\delta$ in $\Omega$ ,
$u\equiv\sigma n$ on $\partial\Omega$ ,
(3.2)
$u_{\sigma}$
$||u_{\sigma}||_{C^{2}\Phi)}\leq M$ . (3.3)
([10, 18]). $\delta$ .
a priori (A1), (A2), ( $\mathrm{A}4\rangle$ , (A5) .
Step 2.
, $u_{n}(x)$ $n$ , $u(x):= \lim_{narrow\infty}u_{n}(x)$
.
$\{u_{n}\}$ . $K\subset=\Omega$
. , $d>0$ , $x\in K$ $B_{d}(x):=\{y\in$
$\mathbb{R}^{n}||y-x|<d\}\subset=\Omega$
$v(x)arrow\infty$ as dist $(x, \partial B_{d}(0))arrow 0$ (3.4)
(1.1) $V\in C^{2}(B_{d}(0))$ ( (A3)
). , $x\in K$ n>t
$u_{n}(y)\leq v(|y-x|)$ , $\forall_{y}\in B_{d}(x)$ (3.5)
.
$\sup_{n>t_{0}}\max_{x\in K}u_{n}(x)\leq v(0)$ (3.6)
, . (A6) Korevaar [17]
, Ascoli-Arzel\‘a
$u\in C^{\mathit{0}}(\Omega)$ . , , $u$
$(1.1)-(1.2)$ .
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Remark 3.1. $(1.1)-(1.2)$ – . ,
$u$ (1.1) . , $U$ (1.1)
, $u_{n}\leq U(^{\forall}n>t_{0})$ , $u= \lim_{narrow\infty}\text{ }\leq U$
.
4 Theorem 2.3
(11) $u(x)=\tilde{u}(|x|)$ . ( , $\tilde{u}$ $u$
)
$(_{k}^{n}=_{1}^{1}) \frac{u’’}{(1+u^{\prime 2})^{3/2}}(\frac{u’}{r\sqrt{1+u^{\prime z}}})^{k-1}+(\frac{u’}{r\sqrt{1+u^{\prime 2}}})^{k}=f(u)g(|u’|)$ ,
$(r>0)$ (41)
$u(\mathrm{O})=u_{0}>t_{0}$ , $u’(0)=0$. (4.2)
, $(1.1)-(1.2)$ $v$ . $x_{0}\in\Omega$ $u0>v(x\mathrm{o})$
.
, $(4.1)-(4.2)$ $u$ , $R’ \leq\sup_{y\in\Omega}|x0-y|$ $R’$
$\lim_{rarrow R-\mathit{0}},u(r)=\infty$ .
, (4.1)






. $x0$ (4.5) $R \geq\inf_{x\in\Omega\sup_{y\in\Omega}}|x0-y|$ ,
.
Remark 4.1. Example 2.1 (2.6) , Theoren 2.2 ,
$p>q$ . - , (A3) $p>q$
. $1\leq q<p$ (2.6)
( $\leq k-1$ ) , .
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5 Theorem 2.4
(1.1) $u$ , $d(x):=\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega))\Omega_{r}:=\{x\in\Omega|$
$d(x)<r\}(r>0)$ . (A1) , $R$ :
$\bullet$ $d(x)$ $\Omega_{R}$ C\infty .
$\bullet$ $x\in\Omega_{R}$ , $x$ $\partial\Omega$ $z(x)$ – .




$m\leq S_{k}(\tilde{\kappa})\leq M$ (5.1)
. , $\kappa_{1}’,$ $\ldots,$ $\kappa_{n-1}’$ $z(x)$ $\partial\Omega$ .
, (2.9) . , $(4.1)-(4.2)$ $u(r)arrow$
$\infty$ (as $rarrow \mathrm{d}\mathrm{i}\mathrm{a}\mathrm{m}\Omega-0$) $v_{1}$ . ( (A2),
(A3), (B1), (B3) [27, Theoren 3.6] .) $d(\text{ }=3R/4$
$y\in\Omega$ ,
$u(x)\geq v_{1}(|x-y|)$ in $\{x\in\Omega||x-y|<\frac{R}{2}\}$ (5.2)








($0$ , $w$ w0>t
( ). $\epsilon\in(0, R/4)$
$v_{1\epsilon}(x)=w(d(x)+\epsilon)+L$ , $L:= \min\{C-w(\frac{3}{4}R),$ $0\}$ $(x\in\overline{\Omega_{3R/4}})$ (5.5)
. , $d(x)arrow+\mathrm{O}$ $u(x)arrow\infty$ , $d(x)=3R/4$
$x$









$v_{1\epsilon}(x)=w(d(x)+\epsilon)+L\leq u(x)$ in $\Omega_{3R/4}$ (5.8)
. $\epsilonarrow+0$
$w(d(x))+L\leq u(x)$ in $\Omega_{3R/4}$ (5.9)
.
(5.4) (B3)
$|w’|=-w’=h^{-1}(m^{-1/k}f(w)^{1/k}) \leq\max\{1, m^{-1/\alpha k}\}h^{-1}(f(w)^{1/k})$ . (5.10)
. $0$ $r$
$\psi(w(r))=\int_{w(r)}^{\infty}\frac{ds}{h^{-1}(f(s)^{1/k})}\leq\max\{1, m^{-1/\alpha k}\}r$. (5.11)






$(0, R]$ $\tilde{w}$ . $R’\in(0, R)$ $\tilde{w}(R’)\geq$
$T’$ . $T’$ (B2) . $\epsilon\in(0, R’/4)$
$v_{2\epsilon}(x)=\tilde{w}(d(x)-\epsilon)+L’$ $(x\in\Omega_{R’}\backslash \Omega_{\epsilon})$ (5.13)
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$\leq g(|v_{2\epsilon}’|)(f(v_{2\epsilon})-f’(\tilde{w})(L+\frac{S_{k-1}(\tilde{\kappa})}{M\frac{\sqrt{1+(\tilde{w}’)^{2}}g’(|\tilde{w}|)}{g(|\tilde{w}|)}+\frac{Mk}{\tilde{w}’}},’))$ . (5.16)
(B5) $S_{k-1}(\tilde{\kappa})$ , $R”\in(0, R’)$ , $x\in\Omega_{R’’}\backslash \Omega_{\epsilon}$
$H_{k}[v_{2\epsilon}]\leq f(v_{2\epsilon})g(|v_{2\epsilon}’|)$ (5.17)
.
, $(4.1)-(4.2)$ $u(r)arrow\infty$ (as $rarrow R”/2-0$) $v_{2}$
, $d(y)=R”$ $y\in\Omega$ $u(y)\leq C’:=v_{2}(0)$
. , $L$’ $L’>C’-w(R’’)$ , $d(x)arrow\epsilon+0$
$v_{2\epsilon}(x)arrow\infty$ , $d(x)=R”$ $x$
$v_{2\epsilon}(x)=w(R’’-\epsilon)+L’\geq w(R’’)+L^{j}>C’\geq u(x)$ (5.18)
,
$v_{2\epsilon}(x)=w(d(x)-\epsilon)+L’\geq u(x)$ in $\Omega_{R’’}\backslash \Omega_{\epsilon}$ (5.19)
. $\epsilonarrow+0$
$w(d(x))+L’\geq u(x)$ in $\Omega_{R’’}$ (5.20)
(5.4) (B3)
$-w’=h^{-1}(M^{-1/k}f(w)^{1/k}) \geq\min\{1, M^{-1/\alpha k}\}h^{-1}(f(w)^{1/k})$ . (5.21)
. $0$ $r$
$\psi(w(r))=\int_{w\langle r)}^{\infty}\frac{ds}{h^{-1}(f(s)^{1/k})}\geq\min\{1, M^{-1/\alpha k}\}r$ . (5.22)
(5.20) , (2.9) .
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6 $k=n$
, $k=n$ (Gauss ) . ,
(4.1) , $k$- . $1\leq k\leq n-1$




, $u(r)=\psi^{-1}(R-r)$ . , (4.1)
1 2 .





(Al) $\Omega$ C\infty .
(B5) $H(t):= \int_{0}^{t}\frac{s^{n}}{g(s)(1+s^{2})^{(n+2)/2}}ds$ , $\alpha>0$
$\frac{H(t)}{t^{\alpha}}$ $(0, \infty)$ .
, $k=n$ (1.1) Monge-Amp\‘ere ,
.
.
Theorem 6.1. $k=n$ (Al), (A3) $\lim_{tarrow}\sup_{\infty}g(t)t<\infty$
. , $(1.1)-(1.2)$ $u$ .
.
Theorem 6.2. $k=n$ $(\mathrm{A}1)’,$ $(\mathrm{A}3),$ $(\mathrm{B}2)$ (B5)
. , $C_{1},$ $C_{2}$ , $(1.1)-(1.2)$ $u$ .
$\Psi^{-1}(C_{1}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega))\leq u(x)\leq\Psi^{-1}(C_{2}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega))$. (6.2)
, $\Psi$ .
$\Psi(t)=\int_{t}^{\infty}\frac{ds}{H^{-1}(F(s))}$ , $F(t)= \int_{t_{0}}^{t}f(s)ds$ . (6.3)
Example 6.1. $k=n$ $p,$ $q>0$ , $\Omega$ C\infty
. (2.6), (2.7) .
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$\bullet$ $p>q\geq 1$ , (2.6) . , $p\geq n$
$p>q>1$ (2.6)
$C_{1}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega)^{-\frac{q-1}{\mathrm{p}-q+2}}\leq u(x)\leq C_{2}\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega)^{-\frac{q-1}{p-q+2}}$ near $\partial\Omega$ (6.4)
( $C_{1},$ $C_{2}$ ).
$\bullet$ $q>1$ , (2.7) ,
$u(x)=- \frac{q-1}{p}\log \mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}(x, \partial\Omega)+O(1)$ near $\partial\Omega$ , (6.5)
.
7 $k$- $-$
$\mathbb{R}^{n+1}$ $\Gamma(t),$ $t>0$ ,
:
$V=H_{k}[\Gamma(t)]$ . (7.1)
, $V$ ( ) , $H_{k}[\Gamma(t)]$ $\Gamma(t)$ k-
. $\Gamma(t)$ $u=u(x, i),$ $(x, t)\in\Omega\cross[0, \infty)$ , (7.1)
$=^{\mathrm{u}_{t}}1+|Du|^{2}=H_{k}[u(x, t)]$ in $\Omega\cross(0, \infty)$ (7.2)
. $k=1$
$u_{t}= \Delta u-\frac{1}{1+|Du|^{2}}\sum_{i,j=1}^{n}D_{1}uD_{j}uD_{ij}u$ (7.3)
. $k$ ( $k$- ) , (7.2) $H_{k}^{1/k}$ $H_{k}^{1/k}+$ $g$
($g$ ) $[14, 29]$ .
, $u$ – .
, $u(x, t)=\varphi(x)+ct(c>0)$ , (7.2)
$H_{k}[\varphi]==^{C}1+|D\varphi|^{2}$ in $\Omega\subset \mathbb{R}^{n}$ (7.4)
. $k=1$ $n=1$ ( ) (7.4) ,
Grim Reaper ([1])
$\varphi(x)=-\frac{1}{c}\mathrm{l}\mathrm{o}\mathrm{g}.(\cos cx)$ , $- \frac{\pi}{2c}<x<\frac{\pi}{2c}$ (7.6)
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. , $n\geq 2,1\leq k\leq n$ ,
, $\mathrm{G}\mathrm{r}\mathrm{i}\mathrm{m}$ Reaper ,
(7.4) . , .
$\bullet$ $1\leq k\leq n-1$ , (7.4) (Theorem 2.3 )
$\bullet$ $k=n$ (Gauss ) , $\Omega$
, $c= \frac{\pi^{(n+1)/2}}{\Gamma((n+1)/2)|\Omega|}$ ( ), (7.4)
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